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Quantum-classical interface is stochastic = Q. Engineering needs Statistics

m Problem: Estimation of dynamical parameters (system identification)
» Controlling quantum systems is challenging due to high sensitivity to “noise”
> Use stochastic feedback control based on output measurement process
» Estimate interaction parameters from the measurement process

Watt's steam engine governor Feedback control of cavity state in the atom maser

[C. Sayrin et al, Nature 2011]



Quantum Technology: metrology and control
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m Quantum parameter estimation

> Standard vs Heisenberg scaling
> Discrete time Markov dynamics

m Parameter estimation for discrete time quantum Markov chains

> CLT for output measurements average statistics

> Classical Fisher information for average statistics
> Quantum Fisher information and LAN for output
> Output identifiable parameters

m Estimation and metrology in continuous time

> atom maser and dynamical phase transitions
> metrology at a dynamical phase transition
> metrology near a dynamical phase transition



Quantum parameter estimation

o =>@ X Py

m Estimation problem: estimate 0 by performing a measurement M on system in state pg

m What is quantum about this ?
> fixed measurement: "classical stats" problem with special probabilistic structure
> "optimal" measurement: need to understand structure of quantum statistical model

» quantum enhance precision when 6 is encoded with "sensitive states"

m Classical and quantum Cramér-Rao bounds!: if 0 is unbiased

E [(9 0T (0 9)} > [M(g)~1 > F(g)~!

Classical Quantum
Fisher info Fisher info

A Holevo. Probabilistic and Statistical Aspects of Quantum Theory 1982; S. L. Braunstein and C. M. Caves, P.R.L. 1994



Pure states models

m one parameter pure state rotation model: |1g) := e |y)), W|Gly) =0

m Quantum Fisher information:

H Wo |1 _ = 4Vary (G) = 4 (¢ \ G?|v)

m Quantum Gaussian shift model: CV system [Q,P] =il

‘ \/F/2 0> coherent state with mean (\ /F/20, 0)

» quantum Fisher information = 4Var ( F/ZP) =F
FJ20

> QFI achievable by measuring Q

m 2D quantum Gaussian shift model
> incompatibility of P and Q = F' not achievable

> measurement achieving optimal MSE is linear



Standard scaling as Central Limit behaviour
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m total generator G(n) := G® 4 ... + g™
m Standard scaling: quantum Fisher information scales linearly in n

Fy(n) = 4Var(G(n)) = 4nVar(Q)



Convergence to Gaussian model for i.i.d. ensembles

® Quantum data: ensemble of n identically prepared systems
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m Local asymptotic normality (Gaussian approximation):

In an “uncertainty neighbourhood" of size n=1/2 around 6, the overlaps of joint states are
approximately equal to those of a Gaussian model with QFI = F

o) = emren_{\fe

ﬁd}le’i(uf'u)G/\/ﬁ

/)

<w?;n+u/ﬁ wgiiv/ﬁ> = <

m_General LAN for mixed states & multi-dimensional models?
2J. Kahn and MG, Commun. Math. Phys. 2009




Heisenberg scaling and "phase transitions"
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m Output: GHZ-type superposition of "Gaussian phases"
o (n)) = [0)" + e "1)®"
m Heisenberg scaling: quantum Fisher information scales quadratically in n

Fy(n) = 4Var(G(n)) x n’

m Bimodal distribution of G/(n) reminiscent of phase transitions®

3p. Zanardi et al., Phys. Rev. A 78, 042105 (2008)



m Quantum parameter estimation

> Standard vs Heisenberg scaling
> Discrete time Markov dynamics

m Parameter estimation for discrete time quantum Markov chains

> CLT for output measurements average statistics

> Classical Fisher information for average statistics
> Quantum Fisher information and LAN for output
> Output identifiable parameters

m Estimation and metrology in continuous time

> atom maser and dynamical phase transitions
> metrology at a dynamical phase transition
> metrology near a dynamical phase transition



Discrete Markov dynamics = channels with memory
Input Output
U

Successive interactions with (memory) system via unitary Ug Feedback control of cavity state in the atom maser
[C. Sayrin et al, Nature 2011]

m Setup generalises both |.1.D. and GHZ examples depending on choice of Uy

m Matrix product system-output state

(W50 (n)) = Z Kyt KR ®lin) @ @),  Kj = (i|Uple)

1 yeesin

m System identification problem®*: estimate 6 by measuring the output state

4M.G., J. Kiukas, Commun. Math. Phys. 2015, M. Cramer et al, Nat. Commun. 2010



Quantum Markov dynamics

[x) [x) [x) U
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m Dynamics determined by isometry V : CP — CP @ C*

VIp) = Uk @) = Y Kil) @ 1)

m System-output state after n steps is of matrix product form®

[W(n)) = Un)lx) ® [4)®" = Z Kip, - Kig[X) ® lin) @ -+ @ |i1)

yin

m Reduced system evolution given by transition operator 7' : M(CP) — M(CP)
p(n) = Trout([T(M)NT(n)) =T"(pin),  pin =[x} {x
k
T(p) = Y KipK]

SMm. Fannes, B. Nachtergale and R. Werner, 1992; D. Perez-Garcia, F. Verstraete, M. Wolf and I. Cirac, 2007




Quantum Perron-Frobenius Theorem®

Theorem (Quantum Perron-Frobenius Theorem)

m If T is an irreducible CP-TP map (no invariant subspaces)

» spectral radius r(T') = 1 is a non-degenerate eigenvalue of T'
> unique, strictly positive stationary state: T'(pss) = pss

> the eigenvalues on the unit circle form a group

m If T is primitive (irreducible and aperiodic) then r(S)
> |A| < 1 for all remaining eigenvalues

> convergence to stationary state

lim T" (o) = pss

n—00

Key observation: if T, is a small perturbation of primitive 7" = dominant eigenvalue \¢ varies
smoothly and determines the asymptotics

6D. E. Evans and R. Hoegh-Krohn, J. London Math. Soc 1978; M. Sanz, et al, IEEE Trans. Inform. Th., 2010



Quantum Markov chains: sequential output measurements
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Observable A = ZZ a;|t)(i] measured on each unit — outcomes Aq, Ao, ...

m Statistic: time (empirical) average Sp(A) = % :L:l A;

m Moment generating function
9(s) = E (")) = Tx(T (pin))
m Deformed transition operator T : M(CP) — M(CP) (CP, non-TP)

Ts:prs Z "M K pK]
i



Central Limit Theorem for the measurement process

Theorem (Central Limit)
Let T be primitive. Then

1) time averages converge to stationary means Sp(A) — Ess(A)

2) fluctuations are normal

IFTL(A) = \/’E(Sn(A) - ]Ess(A)) %) N(07 V(A))
with variance

Ess(A?) +2Ees(A® (Id = T)~1(B)), B:={(x|U*(1® A)U|x)

V(4) = d?log )
ﬁ—s, As = dominant eigenvalue of T’
V.
Remarks
1) similar CLT holds for time averages of multiple-outcomes functions f(A1, ..., A,)’

2) similar CLT holds for the total counts and integrated homodyne current in continuous-time 8

7M. van Horssen and M.G., J. Math. Phys. 2015
8C. Catana, L. Bouten, M.G., J. Phys. A, 2015



Classical Fisher information of time average
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m Dynamics with isometry Vjy with unknown parameter 0 = 0y + u/\/n

m Time average S, = %Z?Zl A; captures deviations form mean pg, = Eg,(A)

VS~ u0y) S5 N (B v(a)

m Classical Fisher information = signal to noise ratio (in terms of dom. eigenv. A, g of T g)

2
) < s )
dp 9500
=0,0=6
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V(A) a’;}\;,e
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Quantum Markov dynamics

[x) 1) Ix) U
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m Dynamics determined by isometry V : CP — CP ® C*

VIg) =Ulp@x) = 3 Kilv) @ i)

m System-output state after n steps is of matrix product form?

W) = UM @ )" = Y Ky oo Kiy ) ® lin) @+ ® i)

ilyeenyin

m If U = Uy, what is the quantum Fisher information of the output state ?

M. Fannes, B. Nachtergale and R. Werner, 1992; D. Perez-Garcia, F. Verstraete, M. Wolf and I. Cirac, 2007



Linear scaling of quantum Fisher information (for primitive chains)

m One step generator Gy := sz" Uy

m Total generator Gy(n) as fluctuations operator

L) = —iGo(n)|¥o(n)

n
Go(n) D U UFIGP U Ui = i (G)

m QFl = Markov variance of generator Gy(n) increases linearly with n and the constant is

1 4
Fp = lim —Fg = lim —Var(Gg(n))
—o00o N

n—oo N n

4 (G + 2Re[Go((1d = T) "' (Kg) @ 1)])_, Ko := (x|Galx)

m Remarks
> linearity is related to the finite correlation time 7 $ of the output
» Constant in linear scaling may blow up as (Id — T) ™! o $

> Conjecture: all fluctuation operators satisfy Central Limit Theorem



Local asymptotic normality for the system + output state

m Primitive quantum Markov chain V' = Vj with 6 unknown

m Localise parameter in a region of “uncertainty” size 0 = 0y + u/\/n

“I’ewu,ﬂ fi(”)>

>

)‘I’H;d»w / fz(")> \/m“ m[

Theorem (LAN for quantum Markov chains)

The system + output quantum model |¥7) := |V, ., = (n)) converges (weakly) to the
quantum Gaussian shift model \/ F/2u)

lim (U7 [P7) = <1 /F/2u

n—>00

\/ F/2v> = exp(—F(u—v)?/8)

m Remark

> General LAN for the (mixed) output state pg(n) = Trs(|¥g(n))(Tgy(n)|)°
> LAN for all parameters with convergence to Gaussian shift on CCR algebra (—> Jukka)

OM.G. and J. Kiukas, Commun. Math. Phys. 2015



Quantum Fisher information as susceptibility

m Overlap can be reduced to dominant eigenvalue of a deformed transition operator

ngn\ n N . ~ " .
(WD) = T (T7% o (pu) ) = explnlog A )
= Expanding in =, = and setting 82‘;"’ T 0

1 OlogAap 2
UL|wn) — ( —= - )

(T T) —>exp (5 —5 s (u—v)

so that
Fe_4 0log A p
a 0adb  |a—p=o

m Similar methods have been used in !

. Cozzini, R. lonicioiu, and P. Zanardi, Phys. Rev. B, 2007; S. Gammelmark and K. Mglmer, Phys. Rev. Lett., 2014



Equivalence classes with identical (stationary outputs)*

Definition
Two primitive chains with isometries V7 and V5 are called equivalent if for all n,

PR () = o ()

Theorem

Two primitive chains with isometries V1 and V> are equivalent if and only if there exists a phase
€'? and a unitary W : CP — CP such that

Vo = ei¢(W (024 1)V1W*

or equivalently

K2 = *(We1K"W*,  i=1,...,k

Remarks
1) quantum extension of the "classical" result’? on equivalence classes of ergodic hidden Markov chains
2) similar result holds in continuos-time: Lz/z = I/VL)/1 W*and H2 = WHYVTW* 4 c1

3) similar result holds for (passive / active ) linear systems®>

12T4 Petrie, Annals of Math. Statistics, 1969
13M,G. and N. Yamamoto, IEEE Trans. Control Theory (2016); M.Levitt M.G. arxiv:1608.01227
M.G. and J. Kiukas, Commun. Math. Phys. 2015; M Fannes, B Nachtergaele, and R.F. Werner. J. Funct. Anal. 1994.



Idea of the proof

m Define the off-diagonal transition operator

d
TlgszZKileKiV”

i=1

m Overlap of the two system-output states
(Tvou(n)|[Pvip(n)) = AT,

m Two alternatives:

A) [A2l=1 = KZ.VZ = eid’WKiVlW* => equivalent systems
B) |Ai2] <1 = overlap decays exponentially = non-equivalent systems



m Quantum parameter estimation

> Standard vs Heisenberg scaling
> Discrete time Markov dynamics

m Parameter estimation for discrete time quantum Markov chains

> CLT for output measurements average statistics

> Classical Fisher information for average statistics
> Quantum Fisher information and LAN for output
> Output identifiable parameters

m Estimation and metrology in continuous time

> atom maser and dynamical phase transitions
> metrology at a dynamical phase transition
> metrology near a dynamical phase transition



Markovian quantum open systems in continuous time
Environment . /\-f‘

m Dissipative evolution of open system

£ o(t) = Lo(t) = ~ilH, p(0) + DL - S o), L L)

m Ergodicity: system converges to stationary state pss (Lpss = 0)

P(t) = etﬂpin — Pss

m Estimate unknown “dynamical parameters” 6 — Dy = (Hg,[/é) by measuring environment

> system may not be accessible (e.g. in quantum control applications)
> system would need to be initialised repeatedly

> Information about dynamical parameters “leaks" continuously into the environment



Quantum trajectories = unravelling the master dynamics

quantum jump trajectory x|, o
o,
O 00D POV O o
time
M3t 45t 35t 25t ot

0 400 800 1200 Kt

m Monitoring the environment produces jump trajectories with infinitesimal Kraus operators

> "no emission": Ko = e *tHo /1 — 6t Zj Lg*Lg

> "emission" in channel j: K; = e~ W0tHg \/5tL§

By, Fannes, B. Nachtergale and R. Werner, 1992; D. Perez-Garcia, F. Verstraete, M. Wolf and |. Cirac, 2007
Bk R. Parthasarathy, An introduction to quantum stochastic calculus, Springer Birkhauser, 1992



Quantum trajectories = unravelling the master dynamics

quantum jump trajectory k2 [Q,
Q,
O 00D POV O o
time
M6t 43t 35t 28t ot

0 400 800 1200 Kt

m Monitoring the environment produces jump trajectories with infinitesimal Kraus operators

> "no emission": Ko = e *tHo /1 — 6t Zj Lg*Lg

> "emission" in channel j: K; = e~ W0tHg \/5tL§

m System-output state: coherent superposition of quantum trajectories, (continuous) MPS®
05T () = Ua(8)57°) = Z Koo K1) ® ln g1, n=t/6t
dn

m Unitary dynamics: singular coupling with incoming input fields (Q Stoch Diff Eq%)

) . 1 . .
dUs(t) = 7ngdt+ZLgdA;‘(t)7L19*dAi(t)7 5L Lidt | Us()

i

B, Fannes, B. Nachtergale and R. Werner, 1992; D. Perez-Garcia, F. Verstraete, M. Wolf and |. Cirac, 2007
6K R. Parthasarathy, An introduction to quantum stochastic calculus, Springer Birkhauser, 1992



System identification and metrology with input-output open systems

Input Output
System

A= = \/B@

m System identification: if § — (Hg, Lg), estimate by measuring the output®
> which parameters can be identified ?
» How does the output QFI scale with time ¢ ?

» How does this relate to dynamical properties, e.g. ergodicity, spectral gap...?

m Metrological power of output
> is the Heisenberg limit achievable?
> what is the short and long time behaviour ?

> can the output be used as general purpose metrological probe state ?

17H. Mabuchi Quant. Semiclass. Optics (1996); J. Gambetta and H. M. Wiseman Phys. Rev. A (2001); S. Gammelmark and
K. Molmer Phys. Rev. A (2013)...



Example: atom maser

Cavity
Input excited vy

atoms ITI Output atoms
© O | ® | @ <
L ,

3 (x,'.n (h’, 2)

Thermal bath detection trajectory

B Atom maser with Jaynes-Cummings interaction

U:|l)® |k) — cos ((ﬁ\/k—i—l) 1) ® |k) + sin ((b\/k-i-l) [0) ® |k +1)

m Coarse grained cavity dynamics for Poisson distributed input atoms with rate Ne;

4
dp _ L(p) = Z (LipLz‘ - %{LZ‘LwP})

dt
i=1
> Ly :|k) — v/Negsin(évk + 1) |k + 1) (excitation absorbed from atom)
> Ly : |k) — v/Neg cos(pvVk + 1) |k) (atom remains in excited state)

> L3 :|k)— /k(v+1) |k —1) (photon emitted in the bath)

> Ly :|k)— 4/ (k+ 1)v|k+ 1) (photon absorbed from the bath)



Stationary state and phase transitions

0.4 0.6 0.8 1 12

o
Mean photon number and photon distribution in the stationary state as function of &« = \/Neg ¢

® unique stationary state

- Neo sin®(sVE
pSS(n):pSS(O)H(ViI‘FU_H%)
k=1

® jumps in mean photon number around o = 1, 27,47
m bistable stationary distribution around o = 27,47

m can be undestood via large deviations for the counting process!

1J. P. Garrahan and I. Lesanovsky, Phys. Rev. Lett. 2010



The many Fisher informations of the atom maser'®, 19

40000 4

30000

20000

Fisher.Info

100004

0.1 0.2 03 0.4 05 06 0.7 0.8
?
red: quantum Fisher info
black: observe cavity + bath red: Fisher info total counts
blue: observe cavity blue: Fisher info counting process

18C. Catana, M van Horssen, M.G., Phil. Trans. Royal Soc. A 2012
19¢.Catana, T. Kypraios and M.G. J. Phys. A: Math. Theor. 2014



Thermodynamics of quantum trajectories 20 : the atom maser

Input excited

atoms ,Tl Output atoms
© o | ® @ S

. ‘
3 (1) (t,2)
Thermal bath detection trajectory

active

Cavity state (filter) away from DPT

Cavity state (filter) at DPT

PN

Wi ) X! St
§i%
$ %
& %,
“ " ) mt ot

Counting distribution away from DPT Counting distribution at DPT

20, Garrahan, I. Lesanovsky, P.R.L. (2010)



Counting statistics and dynamical phase transitions®!
1) ™ I I
DB OOt O
0, 3 Ny 1L

[0) L
Q/K
10, ]
1
0 400 800 1200 kt 0 200 400 600 800 1000 kt

m If £ is ergodic (spectral gap A\ := —Re)2 > 0) then

t—o0
> system converges to stationary state p(t) = et~ (pin) ——— pss

» Counting operator N(t) has normal fluctuations (AN (t) o v/t) around mean tu

m If £ is near phase transition (AX & 0) then
> metastability: slow convergence to stationarity, long correlation time 7 = 1/A\

> intermittent trajectories, counting operator N (t) has bimodal distribution up to times 7

m If £ has degenerate stationary states then
> infinite correlation times

> counting operator N(t) remains bimodal all times and variance increases as >

2y, Garrahan, |. Lesanovsky, P.R.L. (2010); I. Lesanovsky, M. van Horssen, M. G., J. P. Garrahan, P.R.L. (2013)



Phase estimation: Heisenberg limit at the DPT

Input Output

System
[

H L

e'1at|passive) +

e'Prrt|active)

First order phase transition: system with two "stationary phases" (H = H; ® H,) with
different emission rates p; # pq

m Initial state: superposition \/pi|xi) + /PalXa) With |Xa,i) € Hi,a

m GHZ-type system-output state with generator N(t)
[ () = PN Ow(t)) = \/pie' it i (1)) + y/Pae' e [Ya(t))

m Heisenberg limit wrt time:

F(t) = 4Var(N() & 2pipa(pia — 1i)? .

m must measure sys+out to achieve QFI

[ K. Macieszczak, M.G. I. Lesanovsky, J. P. Garrahan
Phys. Rev. A 2016 ]

it it



Phase estimation: QFI time behaviour near phase transition

Input Output a
System
K W4

0 400 800 1200 kt

m System near first order DPT: metastability = counting trajectories exhibit intermittency
m Short time (¢ < 7) distribution of generator N(t) is bimodal = quadratic growth of QFI

m Long time (¢ > 7) ergodicity and normal fluctuations win = linear growth of QFI

;tT/

‘A2N (t)

ox 12

~+V

T=AN"1



Conclusions and Outlook

m System identification: ergodic systems can be completely identified from output, up to
unitary "change of coordinates"

m Asymptotic normality: output state is asymptotically Gaussian with quantum Fisher
information equal to the "Markov variance of the generator"

m Systems at DPT exhibit Heisenberg scaling of estimation precisions

m Near phase transition: initial quadratic increase, then linear (possibly) with large constant

m Ongoing / future work

System identification and metrology for linear systems
Metastability theory for quantum open systems
General quantum Markov CLT

use of coherent feedback in system identification

vy vV.VvY VY

design of better input states
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Linear quantum input-output systems

a(t)
B (1) Quantum B(t)
Syst
Output ystem Input
m System: n modes a = [a1,...,a,]T with Hamiltonian

1 1
H=alQ_a+ EaTQTFa + EaTQ_,_a*

m Input: m bosonic channels B(t) = [B1(t), ..., Bm/(t)]

m Coupling: L=C_a+ Cta*

m Unitary quantum stochastic differential equations (QSDE)

dU(t) = <—int + LdBT(t) — dB(H)L — %LTLdt) U

System identification problem:

estimate system matrices (€2, C) from output measurements



Linear evolution

m Doubled-up notation: a = [ z* }

m Heisenberg evolution: &(t) := U(t)*aU(t) and BOW) (¢) := U(t)*B(t)U(t)

da(t) = Aa(t)dt — CldB(t)
dBoU(t) = cCa@)dt + dB(t)

v

C=A(C-,C)  A=A(A_ AL

» Az =1L (clor-cTey) -ias
X_ X
> AX-,Xy) = |: X X; }

> Zt = JzZtJ

m Input covariance / Ito rules (pure squeezed noise)

[ dBdBt  dBdBT }: { N+1I

M
dB*dB! dB*dBT Mf N }dt*th



Transfer function and power spectrum

m Laplace transform

m Input-ouput relationship in Laplace domain

LB])(s) = F(s) - L[b](s)

where F(s) is the transfer function

F(s) :=1—C(sI — A)~'Ct

m Power spectrum: output covariance in frequency domain

By (—iw) = F(—iw) VF(—iw)'



Identifiability classes in time dependent / stationary setting??

® minimal system: stable and cannot be reduced without changing the transfer
function F(s)

m globally minimal system: stable and cannot be reduced without changing the power
spectrum Py (s)

Theorem

1. Let (Q1,C1) and (Q2,C2) be minimal systems with the same transfer function F(s).
Then there exists a symplectic transformation T such that

Qs =TI, 0T, Co = Ci T
2. A minimal system is globally minimal if and only if the stationary state is fully mixed.
3. Let (21,C1) and (Q2,C>) be globally minimal systems with the same power spectrum

Dy (s). Then they have the same transfer function and are related by a symplectic
transformation.

22M. Levitt, M.G., H. Nurdin arxiv: 1612.02681



